We present a method based on mutations of helices which leads to the construction (in the large volume limit) of exceptional coherent sheaves associated with the ( a l a = 0) orbits in Gepner models. This is explicitly verified for a few examples including some cases where the ambient weighted projective space has singularities not inherited by the Calabi-Yau hypersurface. The method is based on two conjectures which lead to the analog,in the general case, of the Beilinson quiver for P n . We discuss how one recovers the McKay quiver using the gauged linear sigma model (GLSM) near the orbifold or Gepner point in Kähler moduli space.
Introduction
There has been significant progress in the study of D-branes on Calabi-Yau manifolds in the recent past following the construction of D-branes at Gepner points in Calabi-Yau moduli space. Among the significant results have been the description of the A-and B-type boundary states, corresponding to D-branes, in Gepner models and their transformation, under monodromy action as one moves in Kähler moduli space, to particular large-volume D-brane configurations [1] [2] [3] [4] [5] . But once explicit results from the Gepner points are available, one of the important issues is to understand how these descriptions of D-branes at Gepner points can be recovered in a reasonably straightforward and algorithmic manner from the description of D-branes on large-volume CY manifolds. More generally, it would be useful to derive an understanding of the D-brane spectrum and other related properties including aspects of their world-volume theories in all possible "phases" of CY manifolds. While the ability to perform explicit computations is the reason to study some points in the Kähler moduli space, like the Gepner points, the large-volume "phase" of CY manifolds provides a clearer geometric picture which is useful to understand in detail. As is well known in the closed string case, all "phases" can be reached by choosing appropriate values of the Fayet-Iliopoulos (FI) terms in the in the gauged linear sigma model (GLSM) [6] . Thus the GLSM seems to be the logical starting point for the study of D-branes in the different phases of the CY manifolds. Of course, in the case of D-branes, we will have to understand the problem of marginal stability, whereby D-branes present at one point in Kähler moduli space may decay into other branes as the moduli are varied. But nevertheless one may hope to address even these issues by some means through the use of the GLSM. In this paper it is this point of view, of trying to connect the behaviour of the D-brane spectrum in all the different phases by using the GLSM description of D-branes, that we will pursue.
Various aspects of such a connection between the D-brane spectrum in different phases, and in particular at the the large volume limit and the Gepner point have already begun emerging from the work of [7] [8] [9] [10] [11] . Among the most important result of these studies has been the uncovering of the special role of classes of exceptional bundles (or more generally exceptional sheaves) on CY manifolds. These D-brane configurations (which have no moduli) appear to be the building blocks of other brane configurations with moduli. The D-brane configurations which are seen at the Gepner point by the Recknagel-Schomerus [1] construction are all in this class. The a l a = 0 orbit of B-type boundary states are all related to exceptional bundles in the large volume limit by monodromy transformations. The other B-type boundary states seen at the Gepner point with a l a = 0 are clearly bound states of these exceptional objects [9, 10] .
The study of the case of the C 3 /Z 3 and its blowup to P 2 first showed a natural connection between the fractionally charged branes (or equivalently wrapped branes pinned to the orbifold point in C 3 ) and a particular class of exceptional bundles on P 2 [9] . Whereas the branes that exist at the orbifold point can be described by a quiver gauge theory, based on the McKay quiver 1 , the corresponding bundles on the blowup are related to a truncated version of this quiver, namely the Beilinson quiver. Moreover the Beilinson quiver can be seen to be equivalent to the monad construction for bundles on P 2 . Further, any sheaf on P 2 can be written as a cohomology of a complex involving the bundles that are the large-volume monodromy transforms of the fractional branes in the orbifold limit. This permits the description of D-branes in the large volume limit in terms of the numbers naturally associated with the labelling of charges of D-branes in the orbifold limit. This relationship immediately provides a handle on the question of marginal stability. Whereas the charges of stable D-branes at the orbifold point (in the orbifold basis) have to be either all positive or all negative, the bundles in the large volume have no such restriction. Clearly the candidates for decay (in the passage) from the large-volume limit to the orbifold point, are those branes which have a combination of negative and positive charges in the orbifold basis.
The extension of this procedure to the study of the Landau-Ginzburg(LG) theory associated to the Gepner point of a CY manifold is a logical one. One may regard the LG theory as an orbifold of the type C n /Γ if one disregards the superpotential. Douglas and Diaconescu [10] considered only the so-called tautological line bundles on the orbifold C n /Γ (this is equivalent to considering only the states associated with the vector representation of Sl(n, C)). Then by using the inverse procedure of reconstructing a toric variety from the quiver data associated with the orbifold (using the methods of [12, 13] ), that one can construct the corresponding line bundles, {R i } on the space obtained by the resolution of the singularities of C n /Γ. One then constructs a set of vector bundles {S i } on the resolved space which are dual (in the sense of K-theory) to the {R i }. The restriction of these {S i } to the CY hypersurface provides exactly the set of exceptional vector bundles {V i } associated with the a l a = 0 orbit of D-branes at the Gepner point. More precisely, it was verified in [10] that the D-brane charges associated with the {V i } were exactly the same as those obtained by monodromy transformation of the D-brane charges of the a l a = 0 orbit at the Gepner point.
However the methods used by Douglas and Diaconescu to derive this remarkable result have two obvious limitations. First, the inverse procedure of reconstructing the toric variety that corresponds to resolving the singularities of the orbifold at the Gepner point is a cumbersome one. More importantly, it is not clear that there is a canonically-defined procedure for all resolutions of the singularities. Generically the CY hypersurface may not intersect some of the singularities and it is not clear how one may deal with such situations.
It is the attempt of this paper to show that in the frame-work of the GLSM there is a method to construct a set of objects analogous to the fundamental objects of the we can in fact reconstruct the quiver that is the analogue of the Beilinson quiver in the general case. We take a further step and argue that the presence of the so-called p-field in the GLSM allows us to reconstruct the McKay quiver that is associated to the orbifold LG theory, (which indeed may or may not have a Gepner construction).
In the next subsection we will sketch a more detailed overview of our method and results before we flood the reader with more technical details.
From Mukai to McKay
The natural starting point for the construction of rigid D-branes on CY manifolds is the 6-brane. Clearly there are no moduli in this case. In more mathematical terminology this is associated to the line bundle of degree zero on the CY manifold M, denoted by O M . We can obtain this line bundle by restricting the line bundle O on the ambient variety X to the CY. We obtain an infinite set of other rigid objects R i , i ∈ Z, through the action of large-volume monodromy. The effect of the shift B → B + 1 is implemented by the shift θ → θ + 2π in the GLSM. This has the effect of tensoring the initial bundle by a line bundle [17, 18] . This is physically equivalent to turning on D4-brane charges on the 6-brane together with lower brane charges.
Confining ourselves to the case where X is P n for the moment, we can restrict our considerations to the set R i = O(i − 1), where i runs over 1 to (n + 1). This collection of line bundles R ≡ {R i } will be our starting point. The collection R is referred to as the foundation of a helix for reasons that will be made clear later. From the work of Rudakov and others [19] we have a well-defined mathematical procedure, known as mutations, that enable us to construct the {S i }. This procedure has a nice physical interpretation as has been demonstrated by Hori, Iqbal and Vafa [18] (see also the earlier paper of Zaslow [20] ). Mutations correspond to brane creation in the mirror of the original variety X. Take a neighbouring pair (R i , R i+1 ) in the set R and consider the corresponding middle dimensional cycles on the mirror. In the mirror, a mutation corresponds to the creation of a new middle dimensional brane when the R i "crosses" R i+1 . The mirror of this new middle-dimensional brane in the original variety X is referred to as the mutation of the two R i that were our starting point.
A sequence of such mutations enables us to construct all the {S i } up to a sign that is fixed so that the {S i } are in fact dual to the {R i }. If the Chern classes of the {S i } are all that we are interested in then of course this can be obtained by simply examining the inverse of the Euler matrix of the {R i }, as is indeed clear from the work of Douglas and Diaconescu. On restricting the {S i } to the CY hypersurface, one obtains the {V i }.
For the general case, going beyond P n , we formulate two conjectures that we verify in a variety of one and two Kähler modulus examples.
Conjecture 1:
The large volume monodromy action on O in the ambient variety X produces an exceptional collection which is the foundation of a helix of appropriate period p:
Conjecture 2: All exceptional bundles and sheaves on X can be obtained by the mutations of the helix R given in Conjecture 1. In particular, there exists a mutated helix S = (S p , . . . , S 1 = O) with S i = L i−1 (R i ), where L i corresponds to a sequence of i left-mutations. Conjecture 2a: All the exceptional bundles on the CY which correspond to the the a l a = 0 states at the Gepner point are obtained by the restriction of the S i to the CY hypersurface. Indeed since exceptional collections and helices are known for a wide range of varieties including Grassmannians, products of projective and flag varieties etc.( see [19] and references therein) it appears that we can carry out this procedure for a wide range of CY manifolds that can be described as hypersurfaces in such ambient varieties. (In the cases where there is no corresponding Gepner construction, we would have to suitably generalise conjecture 2a).
The corresponding quiver gauge theory can now be written down in a canonical way. It is interesting that we have circumvented the problem of determining which resolution of the singularities of the orbifold associated with the Gepner point to deal with, since the large-volume limit of the GLSM provides us with a definite resolution that we must deal with. However this quiver is the analogue of the Beilinson quiver and misses the symmetry at the Gepner point that is due to the orbifold group. Restoring this symmetry corresponds to going to the corresponding McKay quiver from the analogue of the Beilinson quiver. We argue that this is done by the p-field. It is the p-field that enables the missing link to be restored in the quiver diagram that then becomes the McKay quiver. The link was missing in the constructions of the large-volume limit since the p-field is set to zero in that limit. We leave the detailed argument to a subsequent section of this paper. This rule provides us, in principle, a means to write down the quiver gauge theories corresponding to the world-volume theories of the branes in different phases of the CY manifold, depending on which of the several p-fields are set to zero or acquire a non-zero vacuum expectation value in the world-sheet theory. Finally, by using a generalisation of Beilinson's methods for P n , one can in principle construct all sheaves on the ambient projective space. The restriction of these sheaves to the Calabi-Yau hypersurface M provides one with a large collection of sheaves on M.
Motivation
We would like to explain the motivation and background that have led to the results that are described in this paper. The work arose as a result of trying to understand D-branes (in particular, D-branes with B-type boundary conditions) in gauged linear sigma models with boundary. In particular, the theta term in the GLSM Lagrangian imposes non-trivial constraints on the possible boundary conditions. Further, one needs to add a boundary contact term in order that boundary conditions in the GLSM have a proper large volume (NLSM) limit [17] . For the case of a six-brane, i.e., the D-brane associated with line bundle O, one can see that this contact term ensures that the large-volume monodromy is captured properly in the GLSM with boundary. This, in fact, carries over to the case of D-branes associated with non-trivial vector bundles. Thus, the importance of large-volume monodromy is best seen in the GLSM with boundary [21] .
As is well known, the GLSM interpolates between different phases of the Calabi-Yau manifold. Even in the simple example of Calabi-Yau manifolds with one Kähler modulus, a key addition in the GLSM to the fields which exist in the NLSM limit is the so-called p-field whose vacuum expectation value (vev) plays the role of an order parameter. In considerations of the GLSM with boundary, this field again plays an important role. As we will see, even if one stays in the geometric phase, the transition from the NLSM to the GLSM provides extra information about other phases as well provided we account for the behaviour of the p-field.
Mirror symmetry (in its extended form) also plays an important role in our considerations though they are not quite required for the results. The large volume limit gets mapped to a particular point in the moduli space of complex structures on the mirror. This point is rather special -it is the point of maximal unipotent monodromy and is given by the transverse intersection of divisors corresponding to degeneration of Calabi-Yau manifolds (see [22] and references therein for more details). Further, the process of mutations has been related to brane creation on the mirror [18] .
The paper is organised as follows: In section 2, we set up our notation as well as conventions. In section 3, we define helices and mutations and then describe our conjectures. As a result, we give a precise method to obtain the a l a = 0 bundles for Gepner models associated with Calabi-Yau manifolds. In section 4, we test our conjectures in several examples with one and two Kähler moduli. We also show how one deals with singularities (in the ambient weighted projective space) that are not inherited by Calabi-Yau hypersurfaces. In section 5, we show how one constructs the generalised Beilinson quiver from the helices and then argue how the p-field enables one to recover the McKay quiver associated with the LG orbifold/Gepner model. We conclude in section 6 with some remarks.
Notation and Conventions
We will be consider two classes of models in this paper. We shall use the language of the gauged linear sigma model (GLSM)/toric description in the discussion of the models
The one-parameter models
The GLSM consists of six chiral superfields Φ i (i = 0, 1, . . . , 5) and a single abelian vector superfield. The bosonic components φ i of the chiral superfields will later be identified with the quasi-homogeneous coordinates of some weighted projective space. The Fayet-Iliopoulos parameter is labelled t = r + i θ 2π and is related to the complexified Kähler modulus (B + iV ). The chiral superfield Φ 0 will also be called the P -field and plays a special role. The charge vector is
In the absence of a superpotential, in the large volume limit, the space is a noncompact Calabi-Yau manifold corresponding to the total space of the line bundle O(q 0 ) over the weighted projective space P q 1 ,q 2 ,q 3 ,q 4 ,q 5 . The introduction of a superpotential W = P G(Φ), where G is a quasihomogeneous function (of Φ i for i = 0) of degree |q 0 |, gives rise to a compact Calabi-Yau manifold as a hypersurface M given by the equation G = 0 in weighted projective space X ≡ P q 1 ,q 2 ,q 3 ,q 4 ,q 5 in the NLSM limit (e 2 √ r → ∞) 3 . Note that, in the NLSM limit, the field p is set to zero in the ground state.
We shall consider four specific examples given by (studied in [23, 24] )
Weighted projective spaces are typically singular. This is true of all the examples we consider except for the case of P 4 . For example, consider P 1,1,1,1,2 . In the chart φ 5 = 1, there is a Z 2 identification:
and thus one has a Z 2 orbifold singularity at the origin. One can however verify that the singularity is not a point in the compact Calabi-Yau manifold and hence the hypersurface does not inherit the singularity from the ambient projective space. In a similar fashion, P 1,1,1,1,4 has an Z 4 orbifold singularity in the origin of the chart φ 5 = 1 and P 1,1,1,2,5 has two orbifold singularities: a Z 5 in the chart φ 5 = 1 and a Z 2 in the chart φ 4 = 1. In all these cases, the hypersurface does not inherit the singularities and hence one obtains a smooth Calabi-Yau manifold.
There might be other situations where the hypersurface does inherit the singularity and one has the option of blowing up the singularity by, say a P 1 . This naturally leads us to models with two Kähler moduli where the second modulus is associated with "size" of the blown up P 1 .
Two parameter examples
The GLSM involves seven chiral superfields Φ i and two abelian vector superfields. We shall again refer to Φ 0 as the P -field. There are two Kähler moduli which are related to the Fayet-Iliopoulos terms which we shall label t a = r a + i θa 2π , for a = 1, 2. The D-term constraints (moment maps) are
We shall consider two models (these have been studied in [25] ):
1. The charge vectors are
and the model is the blowup of the weighted projective space P 1,1,2,2,2 . The compact Calabi-Yau is a hypersurface of bidegree (4, 0) such as
and the model is the blowup of the weighted projective space P 1,1,2,2,6 . However, it has a Z 6 singularity which is not inherited by the hypersurface given by a transverse polynomial of bidegree (6, 0) such as
Geometric data
Let J a (a = 1, . . . , h 1,1 ) be the Kähler classes of a Calabi-Yau manifold with the complexified Kähler cone given by K = a t a J a . The data associated with the special Kähler geometry associated with (2, 2) Calabi-Yau compactifications is encoded in a prepotential F (t a ) which in the large-volume limit takes the general form [26] 
where α ab , β a and γ are constants which reflect an Sp(2h 1,1 + 2) ambiguity and κ abc is the triple intersection
The associated period vector is given by
where we have not included the instanton contributions which are suppressed in the large volume limit. The central charge associated with a D-brane with RR charge vector n = (n 6 , n a 4 , n a 2 , n 0 ) is given by 4 Z( n) = n · Π (2.8)
The central charge associated with a coherent sheaf E is given by [27] Z
By comparing the expressions (2.8) and (2.9) one obtains a map relating the Chern classes of E to the D-brane charges n. We obtain
We will now impose the condition that the line bundle O correspond to the pure anti-six brane i.e., n 6 = −1 and all other n's being zero. This is satisfied by the choice
This does not fix the parameter α ab . We will make model-dependent choices in order to make the two-brane charges n a 2 integers. This is similar to the requirement that the periods change by an integer symplectic matrix under the action t a → t a + 1 for all a.
One parameter models
The intersection numbers for the one parameter models are [23, 24] : In the above, we have chosen values for α as in ref. [23] where the choice enabled the large volume periods of M to be related to the periods (in the large complex structure limit) on the mirror W by means of an integer symplectic matrix. In our case, this seems to ensure that the RR-charges are integers.
Two parameter examples
The Kähler classes are generated by H ≡ J 1 and L ≡ J 2 . The non-vanishing intersection numbers are
One also has the relation L 2 = 0 for both models. The data for the two models are
We will choose to set α ab = 0 in both examples.
Helices and Mutations
where Ext i (E, F ) is the sheaf-theoretic generalisation of the cohomology groups H i (X, E * ⊗ F ) for vector bundles E and F . An ordered collection of exceptional sheaves E = (E 1 , . . . , E k ) is called a strongly exceptional collection 5 if for all a < b, one has
for some i 0 (which is typically zero). The alternating sum of dimensions of the groups Ext i (E, F ) defines a bilinear product (we call this the Euler form)
For the case of vector bundles E and F , this is the Witten index associated with the Dolbeault operator on the bundle E * ⊗ F and Td(X) is the Todd class of the tangent bundle of X.
For an exceptional collection, the matrix ("the Euler matrix")
is an upper-triangular matrix with ones on the diagonal. For a strongly exceptional collection, the non-zero entries are given by
New exceptional collections can be generated from old ones by a process called mutation. A right mutation of an exceptional pair (E a , E a+1 ) in an exceptional collection is defined by
and a left mutation by
where we have introduced two new sheaves R E a+1 (E a ) and L Ea (E a+1 ) which are defined through exact sequences (see [19] for details). For example, when Ext 0 (E a , E a+1 ) = 0 and the (evaluation
and when the map
The Chern characters of the new sheaves are given by
with the plus sign used for the injective case and the minus sign for the surjective case. Further, the collection is assumed to be strongly exceptional (with i 0 = 0) and hence χ(E a , E a+1 ) = dim Ext 0 (E a , E a+1 ). The mutation of a strongly exceptional collection may not continue to be strongly exceptional. If the mutated collection is also strongly exceptional, the mutation is called admissible. The mutations that we consider in this paper (in order to generate S i ) are assumed to be admissible though we do not always verify this explicitly.
An exceptional collection (E i , i ∈ Z) is called a helix of period p if for all s the following condition is satisfied:
Thus a sequence of (p − 1) left mutations of a helix brings one back to an element of the helix modulo a shift of p. Each collection (E i , E i+1 , . . . , E i+p ) is called a foundation of the helix {E i }. Any helix is determined uniquely by any of its foundations. One can also define the helix using right mutations. We shall henceforth use the term helix for the foundation of a helix since we will have no need to distinguish them.
An example
An example of a helix on P n is furnished by
The Euler matrix is given by
By a sequence of left mutations of R * one obtains a mutated helix
The bundles which make up the helix S can be seen to be the ones which form the a l a = 0 orbit in the C n+1 /Z n+1 orbifold 6 . The left mutation can thus be identified with the generator g of the quantum Z n+1 symmetry at the orbifold point.
The dual of the Euler sequence (and related sequences) given by eqn. (4.10) can be rewritten in a form which suggests generalisations to more non-trivial situations:
where ( n+1 p ) is to be identified with the Euler form χ(O, L p−1 (O(p − 1)) ⊗ O(1)).
Two conjectures
In the following, we will assume that the Calabi-Yau threefold M is given by the transverse intersection of hypersurfaces in some weighted projective space X. We 6 This statement is somewhat imprecise. The a l a = 0 bundles for P 2 are (O, −Ω 1 (1), O(−1)) where the minus sign reflects the K-theory class. This can be corrected by introducing a (−) n factor with the left mutation. also assume that M is smooth in the sense that all singularities that it inherits from X are resolved. Conjecture 1 The large-volume monodromy action on O in the ambient variety X produces an exceptional collection which is the foundation of a helix with appropriate period p
As is well known, the large-volume monodromy is typically given by tensoring of line bundles which do not change either the (large-volume) stability as well dimension of moduli space of vector bundles. The simplest exceptional bundle is the brane which wraps the full space i.e, O. Thus, the large-volume monodromy action will generate a set of exceptional line-bundles. The non-trivial part of the conjecture is that this set leads to a helix.
We are motivated to consider the structure of helices and their mutations by the work of Hori, Iqbal and Vafa [18] and earlier work of Zaslow [20] . In this work, they show that mutations of exceptional collections have a well-defined physical interpretation in terms of brane creation in the mirror to X. Further, on the mirror side, the large complex structure limit (which is identified with the large volume limit under the mirror map) is the point (in the moduli space of complex structures) with maximal unipotent monodromy [22] . The two-parameter examples studied in [25] illustrate this issue. The helix structure that we see reflect this structure. The period of the helix is related to the quantum symmetry which appears as a classical symmetry on the mirror. Conjecture 2 All exceptional bundles/sheaves can be obtained by mutations of the helix R given by Conjecture 1. In particular, there exists a mutated helix S = (S p , . . . , S 1 = O) with S i = L i−1 (R i ), where L i−1 corresponds to a sequence of (i − 1) left-mutations. Conjecture 2a: All the exceptional bundles on the CY which correspond to the the a l a = 0 states at the Gepner point are obtained by the restriction S i | M ≡ V i to the CY hypersurface.
The motivation for this conjecture comes from the simple observation, that V i is indeed the a l a = 0 orbit for the case of the quintic in P 4 . Further, it is a suggestive structure which works in other examples as well (as we will see in the next section). Another important motivation comes from the work of Douglas and Diaconescu which suggests a dual relationship between the bundles R i and the bundles S i i.e., χ(R i , S j ) = δ ij . The process of mutations can be seen to change the upper-triangular matrix χ(R, R) into a diagonal one by mutating the helix which is the second argument of χ(R, R) (as shown in appendix A). One obvious caveat is that on restriction to the CY hypersurface, new moduli may appear. While one expects no new moduli to appear to the restriction of O, mirror symmetry predicts the quantum Z p symmetry which relate the other entries in the helix S and hence we expect the result to go through for these cases.
Conjecture 2 (Stronger form)
The helix R generates the bounded derived category of coherent sheaves on X, D b (Coh(X)).
Conjecture 2 (in both forms) is true for P n and seems to follow from the results of Bondal (see Theorem 4.1 in [28] ) for spaces with very ample anticanonical class. This implies that there exists a generalisation of Beilinson's theorem [29] for the case of weighted projective spaces along the lines followed by [30, 31] for P n . The existence of such a generalisation is also implicit in the work of Douglas and Diaconescu [10] .
Testing the conjectures
We first discuss the case of P 1,1,1,1,2 [6] where we explicitly show how one deals with the orbifold singularity in the ambient weighted projective space. This also illustrates the methods that we employ in all other examples.
P 1,1,1,1,2 [6]
The Todd class for X = P q 1 ,q 2 ,q 3 ,q 4 ,q 5 is given by
For the one parameter models, we expand the Chern character of a sheaf E as
The translation of the Q a to the RR charges is
where κ, α and β are as defined earlier.
The large volume monodromy is obtained by the operations θ → θ + 2π in the GLSM. For the one parameter models, one obtains O → O(J). Thus, conjecture one predicts that the line bundles O(bJ) should form a helix. However, as pointed out earlier, the ambient weighted projective space has a Z 2 singularity which is not inherited by the Calabi-Yau hypersurface. The naive computation of Euler form gives rise to fractions. The occurrence of these fractions is related to orbifold singularity. We are interested in getting rid of the contribution from the singularity. We modify the Euler form as follows 7 :
By explicitly using the modified Euler form, we obtain the following helix R of period six given by
The period of length six reflects the quantum Z 6 symmetry of the model. The Euler matrix is One can also explicitly verify the numbers by counting the number of degree one monomial, degree two monomials and so on. For example, there are four degree one monomials (φ 1 , φ 2 , φ 3 , φ 4 ) and eleven degree two monomials (ten quadratic in φ i i = 1, . . . , 4 and φ 5 ) and so on. We need to now verify the second conjecture i.e., the a l a = 0 bundles are given by a sequence of left mutations. The bundle −S 2 = L O (O(J)) is defined by the exact sequence
where f i = φ i for i = 1, 2, 3, 4. This sequence is similar to the Euler sequence associated with P 3 (with homogeneous coordinates φ 1 , . . . , φ 4 ) and is a bundle of rank three. The next bundle is given by the exact sequence
We now come to the next one in the sequence. This is an interesting one. One can see that Hom O,
vanishes. Thus, the map is injective unlike the earlier ones and we obtain the sequence 0 → S 3 ⊗ O(J) → S 4 → 0 (4.6) 7 We do not explicitly calculate this contribution since it will take us too far from our objective. It suffices to note that one observes a Z 2 pattern in the unmodified numbers associated with the Euler form and this simple modification leads to an upper triangular matrix with ones on the diagonal. The true justification for this is that we get sensible results on restricting the bundles to the Calabi-Yau hypersurface.
This implies that S 4 = S 3 ⊗ O(J). The other bundles are obtained in similar fashion. Without getting into sequences involved, one can easily obtain the Chern character of the bundles by using the inverse of the Euler matrix given above (following the argument in the appendix) The inverse matrix is given by
The Chern character of the bundles are
Note that S 6 = L 5 (O(5J)) = O(−J) which shows that the helix has period six. Further, there is a version of Serre duality which takes the form S i ≃ S * p+1−i ⊗ S p , where p is the period of the helix. Let V i = S i | M be the restriction of these bundles to the compact Calabi-Yau manifold M given by degree six hypersurface in the weighted projective space. A non-trivial test of our conjectures is to verify that the RR charges associated with these branes are indeed identical to the ones in the a l a = 0 orbit. The Chern character of the a l a = 0 bundles are predicted by our conjectures to be
The Chern character suggest the following relationships among the various bundles that appear:
The RR charges are (in the convention n = (n 6 , n 4 , n 2 , n 0 )) n 1 = (−1, 0, 0, 0) n 2 = (3, −1, −6, 4) n 3 = (−2, 2, 9, −5) n 4 = (−2, 0, 3, 0) (4.9) n 5 = (3, −2, −9, 5) n 6 = (−1, 1, 3 
, −4)
This is in agreement with the charges for the corresponding Gepner model [5] (modulo a sign difference in the six-brane charge). The non-trivial part of the check is that the six-charges that we obtain form a Z 6 orbit given by the action of a matrix A (with A 6 = 1) with the property n i+1 = n i · A. This result clearly does not depend on the choice of α and reflects the quantum Z 6 symmetry of the model. However, our choice of α ensures that the A is a matrix with integer entries.
Other one parameter models 4.2.1 The Quintic
The helix in P 4 has period five (which reflects the quantum Z 5 symmetry)
The mutated helix corresponding to the the a l a = 0 orbit is given by
where Ω is the cotangent bundle to P 4 and Ω p is the p−th exterior power of the cotangent bundle. One can verify that the definition of a left mutation leads to the following exact sequences which are derivable from the Euler sequence
The restriction of the above sequence to the quintic hypersurface gives the a l a = 0 orbit as has already been observed in ref. [9] . The term reflects the Z 4 singularity in the weighted projective space P 1,1,1,1,4 . The Euler form is given by 
The Chern character of the a l a = 0 bundles are
The Chern character of bundles have the pattern chV i+4 = −chV i and hence relate branes to anti-branes. We thus have given the Chern character for only the first four bundles. The Chern character suggest the following relationship among the bundles: The two terms reflect the Z 2 and Z 5 singularities in the weighted projective space P 1,1,1,2,5 . The modified Euler matrix is found to be 
We now give the exact sequences which define −S 2 and S 3
where f i = φ i for i = 1, 2, 3. The next bundle is given by the exact sequence
The a l a = 0 bundles are
Observe that V 3 is a sheaf. The Chern character of sheaves have the pattern chV i+5 = −chV i and hence relate branes to anti-branes. We thus have given the Chern character for only the first five sheaves. The corresponding RR charges are
Again, these agree with the corresponding Gepner model results modulo the sign of n 6 [5] .
The two parameter models
The Todd class is defined by
where q = 1 for P 1,1,2,2,2 and q = 3 for P 1,1,2,2,6 . One has the intersection relations X = P 1,1,2,2,2 :
H 4 X = 2 H 3 L X = 2, L 2 = 0 X = P 1,1,2,2,6 :
H 4 X = 2 H 3 L X = 2/3, L 2 = 0 We define h and l (which generate H 2 (M)) satisfying
It is easy to work out the relationship between (h, l) and (H 2 , HL). The Chern character of a bundle E is given in terms of the RR-charges of the associated D-brane by (when α ab are set to zero)
Both models that we consider are K3 fibrations over a base P 1 . The K3 fibre in the case of P 1,1,2,2,2 [8] is a quartic in in P 3 while the K3 fibre in the case of P 1,1,2,2,6 [12] is a degree six surface in P 1,1,1,3 . We will see that the helix structure reflects this structure. The helix will can be obtained (loosely-speaking) from the tensor product of two helices
where the first helix is associated with the base and the other with the K3 fibre. with its Euler matrix being upper triangular as required. These results agree with the Gepner model results [5] and also agree with the bundles given by Douglas and Diaconescu [10] . The ambient weighted projective space X has as Z 6 singularity and we need to define a modified Euler form. The modified Euler form is given by 
One can then determine the Chern characters associated with the restrictions of the S i to the Calabi-Yau hypersurface. We obtain
Note that chV i = −chV i+6 and hence we have not listed the other six cases. The Chern character suggest the following identification among various bundles: H) . The RR charges associated with the above vector bundles are (in the convention (n 6 , n 1 4 , n 2 4 , n 0 , n 1 2 , n 2 2 )) n 1 = (−1, 0, 0, 0, 0, 0) n 2 = (1, 0, −1, 2, 0, 0) n 3 = (2, −1, 2, 1, −2, −1) n 4 = (−2, 1, 0, −4, 0, 1) (4.28) n 5 = (−1, 1, −2, 1, 2, −1) n 6 = (1, −1, 1, 2, 0, 1)
This agrees with the corresponding numbers obtained in [5] for the corresponding Gepner model.
Quivers from Helices and onward 5.1 The Beilinson quiver
Associated with the foundation of a helix R, made up of a strongly exceptional collection, one can obtain a quiver in the following manner. If R = ⊕R i , and defining A = Hom(R, R), we can identify A as the algebra of a quiver with relations. The corresponding quiver diagram may be identified as follows. The i-th vertex is associated with R i , or more precisely with Hom (R i , R i ). Draw dim(Hom(R i , R j )) arrows beginning at vertex i and ending at vertex j. The quiver relations are the obvious ones, namely those given by considering explicitly the maps involved in Hom(R i , R j ). In the case of P n , where the R i = O(i − 1), the relations can be obtained by the obvious rule that Hom(O(i), O(i + 1)) is given by multiplication by the coordinates of P n . Thus for homomorphisms from O to O(2), we can have maps that are either of the form φ 1 φ 2 or equivalently φ 2 φ 1 and so on with the other coordinates. Thus if links are labelled X a i,i+1 , where a = 1, . . . (n + 1) are related to the coordinates and i = 1, . . . (n + 1) labelled the appropriate node in the quiver, we get the relations
Note that there is no link between the (n + 1)-th node of the quiver and the first node. We refer to this kind of quiver as a generalized Beilinson quiver following the terminology used for the P 2 case by Douglas et. al. in ref. [9] . The structure of the quiver and its relations become more complicated for the cases of the weighted projective cases and with extra Kähler moduli. However the rules for working them out remain the same. Even for the one Kähler modulus cases we may have links that connect to other than next-nearest-neighbour vertices. Such links are obviously due to maps using the coordinates of weighted projective space that have higher weight.
As an illustration we give below two quivers. The first one is for the case of P 2 (figure 1) and the second for the case of P 1,1,1,1,2 (figure 2). A representation of a Beilinson quiver for P n is characterised by a dimension vector (u 1 , u 2 , . . . , u n+1 ) which can be associated to a complex, the Beilinson complex
where V = C n+1 with basis (e a ). The maps X i,i+1 are given by X a i,i+1 e a This turns the quiver relations into the statement X i,i+1 .X i+1,i+2 = 0 as is to be expected if the sequence above is to be a complex. If the sequence is exact (for instance) at all nodes except one, we can write the Chern character for the sheaf E corresponding to the appropriate quiver representation as
Thus we may write characterise any sheaf E that arises as the cohomology of a complex made up of the Ω i (i), by a vector (u 1 , . . . , u n+1 ). The charges of the corresponding D-brane configuration may be read off using the formula (5.3). The above complex does not generate all sheaves on P n . The more general situation has been considered by Beilinson [29] . He has shown that any sheaf E on P n is obtained from a complex K • with H 0 (K • ) = E, and H i (K • ) = 0 for i = 0. The i-th term of the complex is isomorphic to ⊕ j H i+j (E(−j)) ⊗ Ω j (j). Thus, the Chern character of a generic sheaf (in the large volume limit) is again given by the formula (5.3) with an important difference in that the u i can be both positive and negative. However from the point of view of the corresponding quiver gauge theory it is clear that we are restricted to only positive values for all u i or negative values for all u i .
We may suggestively re-write both the complex (5.2) and the corresponding formula for an arbitrary sheaf E by replacing every Ω i (i) by L i (O(i)) in the notation of Sec. 3 of this paper. Similarly, the i−th term in the Beilinson complex can be rewritten as ⊕ j H i+j (R * j ⊗ E) ⊗ S j . This is the form in which we expect that the Beilinson complex and Beilinson's theorem to generalize for the more complicated cases under consideration in this paper. We note here that the re-writing of Beilinson's theorem in this language was pointed out by Gorodontsev and Rudakov [30] and also appears for instance in the work of Drézet [31] .
The fact that such a generalization is possible is suggested strongly by the work of Bondal [28] [32] . In [28] Bondal shows that bounded derived category of coherent sheaves on a variety X, denoted D b (Coh(X)) is equivalent to the bounded derived category of right modules of an algebra A, denoted by D b (mod− A). In fact, in our construction of the generalized Beilinson quiver from the helix, we have already implicitly assumes this categorical equivalence. From Bondal's work, it is clear that the {S i } (called left-dual by him) that we have defined from the {R i } are in fact related to the irreducible representations of the quiver algebra. Note that in formula (5.3) we have explicitly included a sign in the formula for ch(E) on the right hand side. If we had considered the objects S i rather than the Ω i (i), all the signs would have been fixed to be positive.
We can thus proceed to state the result for the characterisation of all sheaves E that arises as the cohomology of a complex of sheaves whose elements are the S i that we have written down in the general case. All such sheaves are characterised by a vector (u 1 , . . . , u n ), where n is fixed suitably by the actual variety under consideration. Further ch(E) = i u i ch(S i ) (5.4)
In the large-volume limit, the numbers u i can be positive or negative, whereas at the Gepner point, these numbers are restricted to be positive (or equivalently all negative). We claim that formula (5.4) above is the generalization of formula (5.3) valid for P n . Note that this in no way guarantees that the sheaf E is stable or semi-stable. That has to be checked separately as has been noted by [10] .
Note that, as pointed out in [8] , the requirement that the u i be positive at the orbifold or Gepner point is a physical one. From all known constructions for orbifolds it is clear that the D-brane spectrum there does not separately produce brane-anti-brane bound states. Any such bound state is already present in the spectrum. Hence there is no need to add anti-branes by taking some of the u i to be negative as in the theory at large volume. However this is not the case if we move away from the orbifold point.
The dimension of the moduli space of the quiver gauge theory is given by the formula [9] 
where C is the Cartan matrix associated with the quiver. We claim that the natural Euler form associated with the quiver is given by the (modified) Euler form associated with the helix. To be precise, we claim that the Euler form associated with two representations u and v of the Beilinson quiver is given by
and the Cartan matrix is given by the symmetrization of the Euler form
Hence,
We have checked this formula in some simple examples. However, the quiver gauge theory may have several branches and this formula holds for a specific branch 8 .
Obtaining the McKay quiver
So far we have been restricting our attention to what we have called the generalized Beilinson quiver. However, in general at an orbifold point, and presumably more generally,at a Landau-Ginzburg point, this cannot be the full story. From the work of [9] , it is clear that the quiver associated to the orbifold point is the McKay quiver. In the case of P n , the McKay quiver is a closed quiver and the Beilinson quiver is produced by truncating one of the links. Thus, in the P 2 case the McKay quiver is a triangle with three vertices with three lines joining each vertex in ordered fashion. This clearly reflects the Z 3 symmetry of the orbifold point (see figure 3 ).
How can we reconstruct the McKay quiver if we began with the Beilinson quiver? We claim that the answer is clear from the construction of the GLSM for the blow up of the C 3 /Z 3 orbifold. While in the large-volume limit, which is the setting for our construction of the R i , the S i and the corresponding quiver, we have set the p-field to zero, this is not true at the orbifold point. At the orbifold point, the p-field, which has charge −3 in this case, acquires a nontrivial vacuum expectation value, which gives rise to the twisted sectors of the orbifold theory. The combinations pφ i , (for i = 1, 2, 3) where the φ i are the homogeneous coordinates of P 2 , in fact can give rise to homomorphisms from O(2) to O because the combinations are of degree −2. This restores the missing link away from the large-volume limit. We can implement this procedure in any of the theories that we have considered. We give below the re-construction of the McKay-type quiver for P 2 (figure 3) as well as for P 1,1,1,1,2 (figure 4). We depict the links obtained by using the p-field by dashed arrows. The quivers for the other examples that we consider can be worked out in a similar fashion.
Note that this reconstruction of the McKay quiver from the Beilinson quiver gives us non-trivial information. For instance, bound states that use the link due to the p-field at the orbifold point are allowed in the spectrum but are likely to decay before we reach the large-volume limit, since there is no such link there and we have only the Beilinson quiver. This point has also been made earlier, in [8] , but the connection to the p-field was not realised there.
This procedure, of using the p-fields to add links in the quiver diagram appears to be completely general. In general at different limit points corresponding to different "phases" of the CY manifold, we can re-construct a quiver that would be in part, Beilinson-like, and in part, McKay-like. Given that we can do this from our considerations at the large volume end, we can thus obtain non-trivial information about the D-brane spectrum at different limit points deep inside different "phases" in the Kähler moduli space of CY manifolds. It would be interesting to apply this suggested technique to study the D-brane spectrum at a limit point in the hybrid phase of a two-Kähler modulus example and verify these, if possible, by an explicit computation using the periods of the CY manifold at such a point.
Note however that our procedure is not entirely complete. In general, on a n-dimensional (weighted) projective space considered at the orbifold or Gepner point, there are not only states in the vector representation of U(n) but also states in other, higher-dimensional representations. We have not included these in our considerations so far, neither in the Beilinson quiver or in the corresponding McKay quiver.
It is also time to sound a note of caution on one issue about which we have been somewhat cavalier so far. All our considerations above apply to constructions in the ambient variety X in which the Calabi-Yau manifold is embedded as a hypersurface M. Thus to recover objects on the CY manifold we need to restrict these structures to the CY manifold. We have been careful about this in the large-volume limit but we have not really explored this issue at the orbifold point. While this has not been a problem with states associated to the a l a = 0 orbit, this is unlikely to be true for other states which appear as bound states of the exceptional ones. But this takes us to issues, especially those regarding bound states,on which we will not have much to say in this paper.
It is worth emphasizing that the entire discussion here in secn. 5, regarding quiver theories, is somewhat different in spirit from the study of the McKay correspondence. Given an arbitrary orbifold, it is not clear that there is a canonical resolution of the singularities of that orbifold. However, here our orbifold-like points in Kähler moduli space arise as the well-defined limit of a smooth CY manifold and there is no issue at all about which resolution has to be picked at the orbifold end of the story. But given that our aim here is to study D-brane spectra at different points in the Kahler moduli space of a CY manifold, this is good enough.
Conclusion
In this paper, we have presented a method of constructing exceptional bundles on weighted projective spaces using the helix naturally associated with the line bundle O. These techniques generalise in a rather straightforward manner to spaces such as Grassmannians, products of weighted projective spaces. However, in more general situations such as these, the helix associated with O no longer consists of only line bundles. For example, the foundation of the helix on the Grassmannian G(2, 4) consists of spinor bundles and line bundles [33] . This is presumably related to non-abelian nature of the GLSM associated with the Grassmannian and will be an interesting testing ground for some of conjectures and may also require some modifications before being adapted to more general situations. In this paper, we have considered situations corresponding to CY compactifications where the CY manifold appears as a hypersurface in weighted projective space. There are other situations, such as F-theory compactifications where projective spaces and their blow-ups occur as the base of an elliptic fibration where our methods may have direct applications.
The special role played by the line bundle O is very much in line with recent K-theoretic considerations based on Sen's study of non-BPS branes [34] . For example, in IIB compactifications, all BPS branes (as well as some non-BPS branes) can be obtained as bound states of a certain number of D9 branes and anti-branes. Further, D-brane charges in IIB theories are classified by the Ktheory group K 0 (X) where X is the spacetime on which the string propagates [35] . If we restrict our considerations to the case for X = M ⊗ R 3,1 , where M is a Calabi-Yau threefold and further, we consider only zero-branes in the noncompact spacetime R 3,1 , then the charges of the particles (in IIA string theory) will be classified by K 0 (M). Just as the D9-brane (and its antibrane) generates all other branes in flat spacetime, it is natural to expect the six-brane (wrapping all of M) to generate all lower branes and hence charges. As we have seen, all exceptional branes can be generated by mutations. Other branes must arise as bound states of these exceptional sheaves. This is in line with the claim of Douglas and his collaborators that the a l a = 0 arise as bound states of the a l a = 0 states. These issues will be discussed in a forthcoming publication. One issue that we have not considered in this paper is the precise location of lines of marginal stability. As we have pointed out in the introduction itself, our analysis allows us to identify candidates for stable objects at special points in the K"ahler moduli space. It will be interesting to understand in more precise terms, where and how objects decay. It seems to us that the GLSM would be the right setting to study this issue further. Maybe, this might also be the way to obtain the flow of gradings proposed by Douglas and collaborators.
In a companion paper [21] , we discuss in detail the explicit construction of the exceptional bundles and some of their bound states in the GLSM with boundary. These involve techniques similar to the constructions which appear in (0, 2) compactifications of the heterotic string though there are subtle differences. We suitably modify this construction to describe (0, 2) multiplets on the boundary of the worldsheet. As in our earlier paper [17] , an important issue is the inclusion of an appropriate contact term in order to have a sensible NLSM limit to the GLSM. We find that this construction allows us to describe the tensoring of vector bundles by suitable line bundles under large volume monodromy transformations.
A Mutations and Diagonalisation of Upper Triangular matrices
Consider a helix R = (R 1 , · · · , R n ) of period n. The intersection matrix χ(R, R) is upper-triangular with ones on the diagonal. We shall now prove that the process of left mutations corresponds to the diagonalisation of the upper triangular matrix I ij ≡ χ(R, R). We will define the following sets of bundles R (p) , which are generated from the original helix R. Note that the sets R (p) for p = 0, (n − 1) are not helices. Consider R (1) = (R 1 , L 1 (R 2 ), L 2 (R 3 ), . . . , L n−1 (R n )) and consider the matrix I
ij ≡ χ(R, R (p) ). On using the formula for the Chern character of the mutated bundle 9 ch(L E i (E j )) = ch(E j ) − χ(E i , E j )ch(E i ), one can see that the matrix I (1) ij is also upper-triangular with ones in the diagonal. In addition, I (1) i,i+1 = 0. The next set of left mutations will preserve the uppertriangular nature and will have I (2) i,i+1 = I (2) i,i+2 = 0. This is given by R (2) = (R 1 , L 1 (R 2 ), L 1 L 2 (R 3 ), . . . , L n−2 L n−1 (R n )) Notice, that the first two terms of R (2) and R (1) are identical and in general, the first (p − 1) terms of the collections R (p) and R (p−1) coincide. The process ends after (n − 1) steps, after which the matrix I (n) ij is the identity matrix. Thus, the sequence of left mutations gives rise to S ≡ R (n) with the property χ(R, S) = the identity matrix
